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Abstract. We study the Cauchy problem for a semilinear stochastic par- 
tial differential equation driven by a finite-dimensional Wiener process. 
In particular, under the hypothesis that all the coefficients are suffi- 
ciently smooth and have bounded derivatives, we consider the equation 
in the context of power scale generated by a strongly elliptic differential 
operator. Application of semigroup arguments then yields the existence 
^vjj ] °f a continuous strong solution. 
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1. Introduction 



In the present paper, we consider the following semilinear stochastic partial 
differential equation driven by a finite-dimensional Wiener process: 

du= [Au + F(u)]dt + a(u)dW, x e T N , t e (0, T), 

tt(0) = u , 

where —A is a strongly elliptic differential operator, F is generally nonlinear 
unbounded operator and the diffusion coefficient in the stochastic term is 
also nonlinear. 

It is a well known fact in the field of PDEs and SPDEs that many 
equations do not, in general, have classical or strong solutions. Unlike deter- 
ministic problems, in the case of stochastic equations we can only ask whether 
the solution is smooth in the space variable. Thus, the aim of the present work 
is to determine conditions on coefficients and initial data under which there 
exists a spatially smooth solution to (jl.ip . 

The literature devoted to the regularity for linear SPDEs is quite ex- 
tensive mainly due to Krylov (see [5]), Krylov and Rozovskii (see [S], [TO] 
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and the references therein) and Flandoli (see [5]). However, there seems to 
be less papers concentrated on regularity for nonlinear SPDEs. A class of 
second order parabolic semilinear SPDEs was studied by Gyongy and Rovira 
(see [6]) but they were only concerned with L p -valued solutions. So our work 
can be regarded as an extension of their result. Related problems were also 
discussed by Zhang (see [13], [TS]), however, his assumptions are not satisfied 
in our case. 

The main difficulty in the case of semilinear equations lies in the non- 
linearities F and a as, in higher order Sobolev spaces, we cannot expect the 
Lipschitz condition to be satisfied and hence the fixed point argument cannot 
be applied. In fact, even the linear growth condition does not hold true in 
general since the norm of a superposition does not grow linearly with the 
norm of the inner function (cf. Proposition 13. 1[ Corollary 13.21 and Remark 

ED . 

In order to deal with we proceed in several steps. First of all, 

we consider the equation in L p and apply the Banach fixed point theorem 
to conclude the existence of an L p -valued mild solution. Next, we study the 
Picard iterations as processes having values in Sobolev spaces (W 1,p and 
afterwards W m,p ) and find suitable uniform estimates which remain valid 
also for the limit process. 

As an immediate consequence of the main result, we obtain a continuous 
C fc ' A -valued solution. Here, we use the Sobolev embedding theorem so the 
stochastic integration in Banach spaces (see [3], [H]), i-e. W m ' p , allows us to 
weaken the smoothness assumptions on coefficients. 

The paper is organised as follows. In Section 2, we review the basic set- 
ting and state our main result. In Section 3, we collect important preliminary 
results related to superposition operators. In the final section, these results 
are applied and the proof of the main theorem is established. 

This work was motivated by our research in the field of degenerate 
parabolic SPDEs of second order (see [7]), where smooth solutions of certain 
approximate nondegenerate problems were needed in order to derive the so- 
called kinetic formulation and to obtain kinetic solution. Nevertheless, since 
the regularity result of the present paper is based on properties of strongly 
elliptic operators, generalization to higher order equations does not cause any 
additional problems. 

2. Setting and main result 

Let us first introduce the notation which will be used later on. We will con- 
sider periodic boundary conditions: x 6 T N where T N is the A-dimensional 
torus. The Sobolev spaces on T N will be denoted by W m,p (T N ) and by 
W m,p (T N ;M. n ) we will denote the space of all functions z = (zi, . . . , z n ) : 
T N -> R" such that z % e W m ' p (T N ), i=l,...,n. 

We now give the precise assumptions on each of the terms appearing in 
the above equation (jl.ip . We will work on a finite-time interval [0, T], T > 0. 
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The operator —A is a strongly elliptic differential operator of order 21 with 
variable coefficients of class C°°(T N ). Let us assume, in addition, that —A 
is formally symmetric and positive, i.e. we assume that belongs to the 
resolvent set of — A. As an example of this operator let us mention for instance 
the second order differential operator in divergence form given by 

N 

Au= ^2 {A.ji-rUl, n). 

where the coefficients Ay = Aji are real-valued smooth functions and satify 
the uniform ellipticity condition, i.e. there exists a > such that 

N 

A a(xMi > «l£l 2 , Vx G T N , V£ g R N . 

Let us now collect basic facts concerning strongly elliptic differential 
operators satisfying our hypotheses (for a detailed exposition we refer the 
reader to [12]). Set D(A P ) = W 2l,p (T N ). Then the linear unbounded operator 
A p in L P (T N ) defined by 

A p u = Au, u G D(Ap), 

is the infinitesimal generator of a bounded analytic semigroup on L P (T N ). Let 
us denote this semigroup by S p . Fractional powers of —A p are well defined 
and their domains correspond to classical Sobolev spaces (see [TJ Section 10]), 
i.e. 

(d((-A p ) 6 ), \\(-A p ) 5 ■ \\ LP{TN) ) - (W 2l5 ' p (T N ), || • || W(T *)), S > 0. 

We will also make use of the following property of analytic semigroups (see 
[H Chapter 2, Theorem 6.13]): 

Vt > V<5 > the operator (— A^S^ft) is bounded and 

s _ 4 ( 2J ) 

II (— Ap) <S p (f) || £P ( T iV) <Cs, p t . 

The nonlinearity term J 1 is defined as follows: for any p£ [2, oo) 

F : L P (T N ) ► W^ _2i+1 ' 3, (T iv ) 

z — > ^2 a a D a f a (z), 

|«|<2I — 1 

where a a G R and the functions f a , \a\ < 21 — 1, are smooth enough (exact 
assumptions will be given later). Let us denote by / the vector of functions 
(fa ; \ a \ < 21 — 1, a a ^ 0) and denote its length by 7. 

Throughout this article we fix (O, J?, (^" t )t>o,P), a stochastic basis 
with a complete, right-continuous filtration. Let V denote the predictable 
cr-algebra on 51 x [0, T] associated with (^t)t>o- For simplicity we will only 
consider finite-dimensional noise, however, the result can be extended to 
the infinite-dimensional case. Let it be a finite-dimensional Hilbert space 
and let {ei}f =1 be its orthonormal basis. The process W is a d-dimensional 
(J^t)- Wiener process in il, i.e. it has an expansion of the form W(t) = 
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5Zj=i Wi(i) et, where Wi, i = 1, . . . , d, are mutually independent real- valued 
standard Wiener processes relative to (J^t)t>o- The diffusion coefficient a is 
then defined as 

<t(z) : 11 — > L P (T N ) 

d 

/n-^^O, *(.))<*, fc>, zeL p (T N ), 
i=i 

where the functions a\ , . . . , ad satisfy the following linear growth condition 

d 

^2\^{x,0\ 2 <C(i + \£\ 2 ), igT^el. (2.2) 

»=i 

Since we are going to solve (| 1 . 1 1) in L P (T N ), for p e [2, oo), we need to 
ensure the existence of the stochastic integral as an L p (T Ar )-valued process. 
Recall, that L p spaces, p <E [2, oo), as well as the Sobolev spaces W k ' p , p G 
[2, oo), k > 0, belong to a class of the so-called 2-smooth Banach spaces, 
which are well suited for stochastic ltd integration. (A detailed construction 
of stochastic integral for processes with values in 2-smooth Banach spaces 
can be found in [1] or [II].) Let us denote by j(il;X) the space of all 7- 
radonifying operators from il to a 2-smooth Banach space X. We will show 
that o-O) £ 7(Xl; L P {T N )) for any z € L P (T N ) and 

II CT ( 2: )II7(5X;Lp(T™)) - ^ (l + \\z\\lp(JN)) ■ 

Note, that the following fact holds true: 
Vs > 3C S € (0, 00) V£i, . . . , £ n independent 7V(0, l)-random variables 



Va;i, 



i=l 



(2.3) 



The proof is, by the way, easy: ( J2i=i x 1) 2 J2i=i IS an ^(0) l)-random 
variable. Let {£,i}f =1 be a sequence of independent A/"(0, l)-random variables, 
by the definition of a 7-radonifying norm, using (|2.3|) and (|2.2[) 



ll (7 ( Z )ll7(U;LP(T«)) = E | ECiO"0)e 
»=1 

/ „ d 



2 

iP(T' 



2 

Lp(T n ) 



P 



/ e y;&o-i(tf,2(y)) 



dy 



2\ 5 



< c 



T N 



l*(j/)l 2 ) 7 <to 



< C(l + ||«||ii>(TW)) 

and the claim follows. 



(2.4) 
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The main result of this paper is as follows: 
Theorem 2.1. Let p £ [2, oo), q £ (2, oo), m £ N. We suppose that 
u a e L q (n; W m ' p (T N )) n L mq (n; W 1,mp (T N )) 

and 

/ a £C ro (I)nC 2W (l), |a|<2Z-l; a l £ C m (T N x R), i = l,...,d, 

/lave bounded derivatives up to order m. Then there exists a solution to 
which belongs to 

L q (n;C([Q,T];W m *(T N ))) 
and the following estimate holds true 

E sup \\u(t)\\ q P(JN) < C(l + E\\u \\ q wm , p(TN) +E\\u \\™ q 1>mp(TN) ). 

0<t<T v ' ^ ' K ' 

Corollary 2.2. Let k £ N , q £ (2, oo) and u Q £ L q {VL; C k+1 (T N )). Assume 
that 

f a £ C fc+1 (M) nC 2H (l), |a| < 21-1; <r< e C^T^ x M), % = l,...,d, 

have bounded derivatives up to order k + 1. TTierj £/iere exists a solution to 
(|l.ip which belongs to 

L q (Q;C([0,T];C k ' X (T N ))), A e (0,1). 
3. Preliminaries 

For the reader's convenience we shall first restate the following auxiliary result 
which is taken from [13l Theorem 5.2.5]. 

Proposition 3.1. Let m £ N, m > 2, p £ [l,oo). Suppose that the function 
G £ C m (R) has bounded derivatives up to order m. If f £ W r ' hp (T N ) n 
W l ' mp (T ) then the following estimate holds true 

\\^(f)\\w m 'P(T N ) — + ll/llw 1 .'"?^") + \\f\\w™-P(T N )) 

with a constant independent of f. 

Proof. Since G has a linear growth we have 

I|G(/)||lp( T «) < C(i + ||/||lp(t«))- 

Next, we will employ the chain rule formula for partial derivatives of compo- 
sitions: 

M 

WG{f{x))=Y J E C^ au ..., ai G^(f(x))D^f(x)---D^f(x), 

1 = 1 QiH h«!=7 

Kl#0 
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where 7 = (71, ... , 7jv)> ctj = (at}, ■ ■ ■ , ctf), i = 1, . . . , I, are multiindices and 
Cj,l,ax,...,ai are certain combinatorial constants. It is sufficient to consider 
I7I = m. By the Holder inequality we obtain 



||G«(/)D-/...D«7L P(T , ) <||G«|| ioo(K) ni|D ai /|| i ^ (TN) - 

i—l 

Due to interpolation inequalities, we have 



with 



Therefore 

1 

||D 7 G(/)|| LP(T „^ < C^max^ ^ ||/||^L P ( T jv) ll/ll^ m , P ( T N) 

— — aiH \-OLi— 7 i—l 

l«<|^0 

< G j^JVJ?- ll/llvy 1 ' m P(T N ) 11/11 IV™. J 3 (T N ) 

< C(||/||^i, mp(TN ) + ||/||lV m .P(T«)): 

where we used the fact that a x (b/a) m ~ 1 is monotone in x so the maximal 
value is attained at x = 1 or x = m. The proof is complete. □ 

This result can be easily extended to more general outer function. 

Corollary 3.2. Let m G N, m > 2, p G [l,oo). Suppose that the function 
G G C m (T N x M) /ias tfie linear growth 

\G(x,0\<C(l + \^\), xeT N ,£&R, (3.1) 

and bounded derivatives up to order m. If f € W m ' p (T N ) n ^^^(T^) then 
the following estimate holds true 

tuzi/i a constant independent of f . 

Remark 3.3. The situation is much easier for the first order derivatives: fix 
p G [1, 00) and let / G W 1 ' P (T N ) 

(i) if G G G 1 (R) with bounded derivative then 

G(/)|| <G(1 + 11/11 

(ii) if G G G 1 (T w x M) has the linear growth (|3.ip and bounded derivative 
then 

||G(-,/(0)||vF1.p(T n ') < G(l + ||/||wi.p(t«)), 

where the constant G is independent of /. 
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4. Proof of the main result 

Let us review the main ideas of the proof. The proof is divided into three steps. 
In the first step, we apply the Banach fixed point theorem to conclude the 
existence of an L p (T Ar )-valued mild solution of In the second step, we 

study Picard iterations of and find a uniform estimate of the W 1,P (T N )- 
norm. It is then used in the third step to derive a uniform estimate of the 
W m ' p (T N )-norm. This estimate remains valid also for the limit process and 
the statement follows. 

These steps will be formulated in the form of propositions. 

Proposition 4.1 (Fixed point argument). Let p, q G [2, oo). Assume that uq G 
L q (D,;L p (T N )) and 

JaeC 2 ^ 1 ^), |a|<2Z-l; ^.eC'ffxl), i = l,...,d, 

have bounded derivatives of first order. Then there exists a unique mild solu- 
tion to (jl.ljl which belongs to 

L q (Q x [0,T],V,dW® dt;L p (T N )). 

Proof. Let us denote 

= L q (n x [0,T},V,dV®dt;L p (T N )) 
and define the mapping 

(Jfv)(t) = S p (t)u + [ S p (t- s)F(v(s))ds + [ S p (t- s)a(v(s))dW(s) 
Jo Jo 

= s p (t)u + (xiv)(t) + (Jtr 2 v)(t), t e [o,t], vGJf. 

Here, we employ stochastic integration in L P (T N ) as introduced in Section 
[H We shall prove that maps J%? into J*tf and that it is a contraction. 

Since u 6 L q (il; L P (T N )) it follows easily that S(t)u € Jf. In order 
to estimate the second term, let S — %p and note that 

S p (t - s)F(v(s)) =S p (t~s)(-Ap) s (-Ap)- s Yl a a V a f a (v(s)), 

\a\<2l-l 

where the operator (— A p ) s commutes with the semigroup and the operator 
Bp : L^T^R 7 ) — ► L P (T N ) 

{z a y a=1 ^(-A P r 5 a «° Qz - 

|a|<2Z-l 

is bounded. Indeed, the operators L r (T N ) ->• L r (T N ), v i-> a a T> a (-A r )- s v, 
\a\ < 21 — 1, are clearly bounded. If p* is the conjugate exponent to p and 
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z e LP(T N ;W) then 



\a\<2l-l 
a a ^0 



Lp(T n ) 



:-A P y s Yl a « D ^ 

\ (-A P )~ S y~] a a D a z a (x)v(x)dx 



sup 

veL p "(T N ) 
IklliP-frJV)^ 1 



sup 

veL p "(T N ) 



|a|<2/-l 

a a ^0 



\^ / z a (x)a a D a (-A p *) 5 v(x)dx 



\<2l-l 



= sup 



J iir (z{x),{a a B a (-A p *)- s v(x)} 



IK'll 
< \\z 



,<i 



l«l<2l — 1 
a Q #0 



LP* (T N ) 

| LP(T iv ;R7) sup |a Q D"(-ylp») _<5 i;| 
<1 



< C lklliP(T«;KT) 



a|<2/-l 



LP* (T N ;R^) 



and the claim follows. Next, all f a , \a\ < 21 — 1, have bounded derivatives 
hence at most linear growth, so it holds for any z G L P (T N ) 



|/( z )|Ilp(t«) ^ C(1 + \\z\\ lht n } ). 



(4.1) 



Indeed, using p-norm as an equivalent norm on Euclidean space 



I/wilder*) = E / i/«(^))r^< £ a/ (i + i^)i p )<^ 

|a|<2i-l JN i~i^oi i 

<C(l + ||< p(TN) ). 



|a|<2i-l 
a Q #0 
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If v <G Jff, then using the above remark, the fact (|2.1[) . the estimate (14.11) and 
the Young inequality for convolutions we obtain 



\^i v \\%> = IE 



< E 



S p (t - s)F(v(s)) ds||* p(TJV) cU 



Jo \Jo 



< CE 



< CE 



< CE 



(-A p ) s S p (t-s)B p f(v(s))\\ LHJN) 

t i \i 
^ ( t _ s y \\ B pf( v ( s ^\\Lp(T») ds < dt 



9 

ds I dt 



I (t~ S ) s " f{ - V ^" LP ( TN ) ds ' d< 



ds df 



< CT g(i-S) E j (i + \\ v{s )\\ LP{TN) y ds = CT^-V(T+\\v\\^). 



(4.2) 

Next, by the Burkholder-Davis-Gundy inequality for martingales with values 
in 2-smooth Banach spaces (see [3J, [U]), we have 



5 p (f - s)cr(i>(s))diy(s) 



di 



< C / El 



|5 p (t-s)cr(w(s))||^ (il . Lp(TJV)) ds ) di 



< CT 3 -^ I E / ||cr(«(s))| 



r T ft 



Jo Jo 



7(U;Lp(T n )) 



ds dt. 



The 7-radonifying norm can be computed using (|2.3p similarly as in 
Let {£i}i=i be a sequence of independent J\f(0, l)-random variables 



Hv(s))\ 19 



< 



7(il;LP(T«)) 
d 



i=l 



1=1 

p 

LP(T- r 



< 



2 

Lp(T n 



/ T JV 



»=i 



dy 



C 



|o- 4 ( v ,«(* jV ))| a ) 5 dy) P < c(V (1 + Ks,y)| p )d2/ 



1=1 



<C(l + ||v( S )||^ (TJV) ). 
Therefore 



pT P t 



JO Jo 

We conclude that JtT(Jf ) C Jf for any T > 



e / (i + IKs)IIL(^)) dsd *< c ' Tf ( T + ll u ll^)- 
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In order to show the contraction property of J^, we will follow the 
approach from (|4.2p and use the Lipschitz continuity of /. Indeed, f a , \a\ < I, 
have bounded derivatives so they are Lipschitz continuous so 

\\f( z l) ~ f{Z2)\\l>(T*r) < C \\Z\ - Z 2 \\ L p(tn), Zl, Z 2 € L P (T N ), 



can be proved as (|4.1j) . For v, w G 



< E 



S, 



: p (t-s)(F(v(s))-F(w(s)) 



ds 



dt 



Lp(T n ) 
1 



\J0 
T / rt 



< CI 



< CE 



< CE 



(-A p ) 5 S p (t - s)B p (f(v(s)) - f(w(s))) || iP(TN) d^ dt 
^\\B p (f(v(s))-f(w(s))\\ LHTN) ds^dt 

d ft - S )S IM S ) ~ w ( s )ll^(T w ) d - s ) dt 



T / r t 



<CT^E I \\v(s)-w(s)\\l P{TN) d S = CT^\\v-w\\l 



\3te- 



In the case of we employ the same calculations as in (|4.3[) and the sequel. 



J^2« — Jfewl 



(i 



S, 



p (t-s)(a(v(s))-a(w(s)))dW(s) 



dt 



S p (t - s)(<t(v(s)) - a(w(s)))\ 



7(U;Lp(T™)) 



LJ>(T N ) 

ds \ dt 



<CT^ E \\a(v(s)) - a(w{s))\ 
Jo Jo 

For the 7-radonifying norm we have 



7(U;L!>(T N )) 



ds dt 



\a(v(s)) ~ v(w{s))\\ q yiu . LP{jN) 

d 

\^2^i{o-i(;v(s, •)) - Vi(;w(s, •))) 



< 



i=l 



2 



V 

Lp(T n ) 



^ i=l 
< C||u(s) - w(s)||« p(TN) , 
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where the last inequality follows from the fact that all <7j, i = 1, . . . , d, have 
bounded derivatives therefore are Lipschitz continuous. We conclude 

|| J^2« — J^w^ 9 ^ < CT% \\v — w\\ q ^>. 

Consequently 

\\jfTv ~ Jtrw\\je < C (T 1 - 5 + T?)\\v - w\\je, 

where the constant does not depend on T and uq. Therefore, if 

C^T 1 - 6 + T%) < 1 (4.4) 

then the mapping Jff has unique fixed point u in which is a mild solution of 
l|l.ip . The condition on T can be easily removed by considering the equation 
on intervals [0, f], [f, 2T], ... with f satisfying flO}. □ 

The estimates from previous proposition can be improved in order to 
obtain a better regularity of u. 

Proposition 4.2 (Estimate in W x ' v ^f N )). Let p € [2, oo), q £ (2, oo). Assume 
that u G Li(Cl; W 1,P (T N )) and 

/ a eC 2H (i), |a|<2I-l; a.eC'ffxt), i = l,...,d, 

have bounded derivatives of first order. Then the mild solution of (jl.ip belongs 
to 

L q (n;C([0,T];W 1 ' p (T N ))) 
and the following estimate holds true 

E sup \\u(t)\\ q wl , p(TN) <C(l+E\\u \\ q wl , p(rN) ). (4.5) 

0<t<T y ' y ' 

Proof. Recall that u is the limit of Picard iterations: let u°(t) — uo and for 
n € N define 

u n (t) =S p {t)u + f S p (t~s)F(u n - 1 (s))ds 
Jo 

+ [ S p (t-s)cr(u n - 1 (s))dW{s). 
Jo 

We will show 

E sup \\u n (t)\\ q <C(1+E\\u \\ q ), VneN, (4.6) 

0<t<T y ' y ' 

with a constant C independent of n. By induction on n, assume that the 
hypothesis is satisfied for it' 1-1 and compute the estimate for u n . We will 
proceed term by term and follow the ideas of Proposition 14.11 Consider the 
operators S p (t), t > 0, restricted to the Sobolev space W 1,P (T N ) and denote 
them by Si jP (t), t > 0. These operators form a bounded analytic semigroup 
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on VT 1 -P(T Ar ) generated by the part of A p in W 1,P (T N ) (see [1 Theorem 
V.2.1.3]). Let us denote this generator by A\ :P . Therefore we have 

E sup \\S p (t)u Q \\ q lp( N) =E sup \\S ltP (t)u \\ q wliP(l:N) 

0<t<T y ' 0<t<T v ; 

< CE||uo||^i, P ( T jv)- 
As above, let S = ^^=1 and consider the operator 
B hp : W 1 ' P ( L T N ;W) — > W 1,P (T N ) 

{^■ctia— 1 1 ^ ( ^p) ^ ^ fta-D Z a . 

I«|<2i — X 

We will show that it is a bounded operator. Indeed, according to Proposition 
O for any z £ W^ P (T N ; 



\\Bi,p z \\lp(t n ) — C\\z\\lp(T n ;S.~i)- 
For any multiindex j3 — . . . , /3/v) such that \/3\ = 1, we can write 



lip(T N ) 



D^(-^)-^(-^)- 



2i-l | 1 
21 2Z 



|a|<2Z-l 



LP(T N ) 



where the operator L P (T N ) — >• L P (T N ), v h4 D^(— _4 p ) _ 5Tu, is bounded. For 
each a, \a\ < 21 — 1, let us fix a multiindex a' such that it is of order 1 and 
a — a' is also a multiindex, i.e. \a'\ = 1 and \a — a'\ = |a| — 1. Note, that the 
operators L r (T N ) L r (T N ), v H> a a D a ~ a ' (- A-)^% |a| < 21 - 1, are 
bounded as well. If p* is the conjugate exponent to p we conclude 



i-A P y 



2J a Q D° 



q|<2/-1 



Lp(T n ) 



sup 

Nl i B* f TiV,<l 



sup 



T 1V 



(-A>) : 



a Q D Q z a (ir) u(ai) da; 



a|<2/-l 
a Q ^0 



|a|<2Z-l 



D Q z a (x)a a D a - a {-Ap.)-B-v(x)6x 



< 



"( T ]V)<1 a a #0 
{D a Z Q }| Q |<2(-1 

x sup 

lkll £3 ,» ( TJV)<l 



Lp(T jv ;Rt) 



Lp*(T n ; 
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and the claim follows. Therefore, we have 



E sup 

0<t<T 



S p (t- s)F(u n - 1 (s))ds 



< E sup 

0<t<T \Jo 



vm.p(T N ) 
(-A p ) 5 S p (t - s)B hp f(u n - 1 (s)) 



14/1, p(T«) 



ds 



<E sup 

0<t<T 



(J |(-A,p)^i, P (i - s)B hp f(u n - x (s)) 
< CT «( 1 - 5 )E n Sup m ||/( U «- 1 (t))||^ 1 , p(TJV) . 



ds 



< CE sup 

0<t<T 



0<t<T 



To deduce a similar estimate for the stochastic term, we need to consider 
stochastic integration in W 1 ' P (T N ). It holds 



c 



<Cj2\H;u n -\s,-))\ 



W 1 'f{T N ) 



Since q s (2,oo), we make use of the maximal estimate for stochastic con- 
volution Corollary 3.5] which can be proved by the factorization method. 
For the reader's convenience we recall the basic steps of the proof. According 
to the stochastic Fubini theorem [4] Proposition 3.3(v)], 

S p (t - s)a(u n " 1 (s))dW( S ) = -L- [ (t- sy^Spit - s) y(s)ds, 



y(s) 



where 



r O) Jo 



(s - r)- a S p (s - r)<j(u n - l (r))dW{r). 



r(i - a) J 

Hence application of the Holder, Burkholder-Davis-Gundy and Young in- 
equalities yields (here the constant C is independent on T) 



. sup 

0<t<T 



S p (t- s)a(u n -\s))dW{s) 



VK 1 -p(T jv ) 



Jo 



7(il;W 1 'f(T N )) 



ds 
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so 



E sup 

0<t<T 



S p (t - s)a(u n - 1 (s))dW(s) 



T 



i=l ^° 

d 

<OT*£E it Sup i ||o-i(.,« n - 1 (i J -))||^i, f>(TW) 



0<t<T 



and finally 



E sup ||u"(t)||^ liP( „, < CEIIwoll^i.pfTiV) 

0<t<T v ' 1 ; 



+ CT»P-«)e sup H/K-H*))!^,^ 

d 

+ CTi E E „™P^ |ki(-^" _1 (*, 0) 



0<t<T 

where the constant does not depend on n. Now, we make use of Remark 13.31 
and obtain 

E sup |K(i)||^ 1>p(TJV) < C¥,\\u \\ q wl , p „ N) 

0<t<T v ' v ' 



+ C(T9(i-«) + T4)Cl + E sup IK^U' T „. 

\ 0<t<T k ' 



Let us make an additional hypothesis: assume that T is such that 

C T = C(T q{1 - 5) + T*) < 1. (4.7) 
Denoting K n = Esup < t < T \\u n (t)\\ q w ^ v(jN y n e No, we have 

«« < CE|| Uo ||^ 1>p(TN) + C T (1 + /f„-i) 
and inductively in n 

E sup \\u n {t)\\* TN) <C T (1 +E||no||^ liP , JN) ), (4.8) 

0<t<T y ' y ' 

where Ct is independent n. So (|4.6p follows if T is sufficiently small. 

In order to remove this condition, we consider a suitable partition of 
the interval [0, T]. Let f > satisfy gjj) and < f < 2T < • • • < KT = T 
for some K £ N. Fix fc £ {1, . . . , K}. We will study the processes u n , n € N, 
on the interval [(k — l)T,kT] and find an estimate similar to (14.81) . Each 
ii™, n £ N, is the unique mild solution to the corresponding linear equation 

du n = [Au n + F(u n - 1 )]dt + a(u n - 1 )dW, x e T N , t G (0,T), 
u(0) = u . 

Let s, ;tto), t > s > 0, be the mild solution of this problem with the 
initial condition uq given at time s. It follows from the uniqueness that for 
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arbitrary t > r > s > 

r; u(r, s; tto)) = v(t, s;uo) P-a.s. 
and therefore we can write 

u n (t) =S p (t - (k - l)f)u n ((k - l)f ) + / S p {t - s)F(u n - 1 {s)) ds 

J(k-i)f 

+ [ S p (t^s)a(u n - 1 (s))dW(s), t€[(k-l)f,T]. 
J(k-i)f 

Following the same approach as above we obtain 

E sup ||« n (t)||« rl ^ (TW) <C !f (l + E||tt"((A-l)f)||^ 1 , J) 
(k-i)f<t<kf v ' 

with a constant similar to Ct in (|4.8|) . Hence 



E sup ||w w (*)|Ivki,p( T w) 

(fc-l)T<t<fcf 

< C f (l + E sup H^WH^rr* 

(fe-2)f <t<(fc-l)T 
if 

< E^f) 1 + (Ct)* E IMI^ M t«) ^^(l+EHuoll^p^)), 
»=i 

where the constant C is independent of k and n. Finally, the estimate (I4.6[) 
follows: 

E sup |K(t)||^i, P(T .Y ,=E max sup \\u n {t)\\ q wl , P „ N) 

0<t<T k=1 '---' K (k~l)f<t<kf 

K 

<]TE sup \\u n {t)\\ q wl , N) <KC(l + E\\u \\« rN X 

fc=l (fe-l)T<t<fcf 

We have now all in hand to deduce that the sequence {u n ; n 6 N} is 
bounded in 

L 9 (n-L co (0,T;W 1 ' p (T N ))) 

and therefore has a weak-star convergent subsequence. Any norm is weakly 
lower semicontinuous so we get the estimate (14.51) for the limit process u. 
Moreover, since the stochastic convolution has a continuous modification ac- 
cording to Corollary 3.5], the proof is complete. □ 

Proof of regularity in higher order Sobolev spaces (order greater than 1) 
is more complicated as the norm of a superposition does not, in general, grow 
linearly with the norm of the inner function (cf. Proposition 13.11 Corollary 
Remark [ 



Proposition 4.3 (Estimate in W m ' p (T N )). Let p 6 [2, oo), q e (2, oc), m G N, 
m > 2. Assume that u E L«(Q; W m ' p (T N )) n i m9 (^; W 1,mp (T N )) and 

/ a eC m (M)nC 2H (l), |a|<2/-l; <n € C m (T N x R), i = l,...,d, 
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have bounded derivatives up to order m. Then the mild solution of (|1.1[) 
belongs to 

L q (n-C([0,T};W m ' p {T N ))) 
and the following estimate holds true 

E sup Ht)^ <C(l + E|| Uo ||* TN) +E|| Uo Cw(t«))- ( 4 - 9 ) 

0<t<T y ' y ' ' 

Proof. First, we intend to prove the following estimate for the Picard itera- 
tions 

E sup \\u"(t)\\l vmtP(TN) < C(l+E\\u \\ q wmtP(TN) +E\\u \\ , (4.10) 

0<t<T v ' v ' y ' 

with a constant independent of n. By induction on n, assume that the hy- 
pothesis is satisfied for u n ~ l and compute the estimate for u n . The following 
arguments and calculations are mostly similar to those in Proposition | 
Recall that according to (|4.6|) . we have 



E sup \\u n (t)\Q" N <C(l+E|KCl mp(TN) ), VneN. (4.11) 

0<t<T y ' y ' 

Let us consider the restrictions of the operators S p (t), t > 0, to the Sobolev 
space W m ' p (T N ) and denote them by 5 m>J) (t), t > 0. By Theorem V.2.1.3], 
we obtain a strongly continuous semigroup of on W m ' p (T N ) generated by part 
of A p in W m ' p {T N ). We denote the generator by A m , p . It follows 

E sup \\S p (t)u \\ q tP( N) = E sup ||«S TOi p(t)tto[[L m , pfT jvs 



0<t<T 



0<t<T 

< CE||uo||« 



As above, we employ the following bounded operator: let <5 = 2L_L 
B m , P ■ W m > p (T N ;W) — + W m ' p (T N ) 

\a\<2l-l 
a a ^0 



E sup 

0<t<T 



S p (t- s)F(u n - 1 (s))df 



<E sup 

0<t<T 

< E sup 

0<t<T 



(J \\(-Ap) s S p {t - s)B m ,pf(u n - 1 (s)) 
[J \\(-A m ,p) S S m , p (t - s)B m . p f(u n - 1 (s)) 

{t-s)^ f ^ n 1(S) )IU—(T«) 



W m -P(T N ) 



W m >v{T N ) 



ds 



< CE sup 

0<t<T 

< CT q(l-S) E sup ||/( u »-l(t))| 
0<t<T 
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And for the stochastic term 

,n-l/„\\ ||9 



(J U 



l oo)l 



7(U;W™.p(T n )) 
d 



l< 7 i (.,U n - 1 («,0) 



W m 'P(T JV ) 



< E ^6(-^,)» < 7 < (.,«' l - 1 (a,-)) 



i=i 



p 

Lp(T' 



<cr£;iki(-,« n - 1 (*,0)| 



i = l 



hence 
E sup 

0<t<T 



t Sp(<-s)cr(u n ~ 1 (s))dW(s) 



W m <i>(J N ) 



W m 'P(T JV ) 



< CT5-1E / ||cr(w"— I 



7 (U;W m -P(T JV )) 



ds 



i=l J o 

d 



W".p(T n ) 



ds 



i=i 



0<t<T 



9 



We conclude 



E sup \\u n (t)\\ q WmiP(TN) <CE\\u \\ q WmiP(1 . N) 

0<t<T K ' K ' 

+ CT^E sup Wfiu^i^Wl 



Q<t<T 



i=i 



0<t<T 



(T N ) 



H"».p(T")' 



Applying Proposition 13. 11 Corollary 13.21 and (|4. 1 1[) we obtain 
E sup ||u B (t)||«^, P „ N ^CEWuoW^ TN +C(T^-V +T%) 

0<t<T y ' y ' 

+ E sup ||u n - 1 (*)||^ (T „ ) > ) 

' 0<t<T y V 

x fl+E||n ||7 1>m P(TN) +E sup IK" 1 ^)!!* T A 

\ v ; 0<t<T v V 

Let T satisfy the following condition 

C T = C(T q(1 - &) +T%) < 1 



x 1 + E sup Wu^it)^ 

\ 0<t<T 

< CE\\u \\ q wmtP{TN) 
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and define K „ = Esup < t < T \\u n {t)\\ q Wm:P{TN)1 n e No, L = E||u ||™ 9 1>mp(TJV) . 
Then we have 

K n < CE||u ||^ mjP(TJV) + C T (1 + L + K n - ± ) 
hence inductively in n 

E sup \\u n (t)\\ q WmiP(TN) < C T (l +E||M ||^ m , P(T iv ) +E||u ||™i mp(TJV) ), 

where the constant does not depend on n. Therefore (|4. 10[) follows under the 
additional hypothesis upon T . However, this condition can be removed by 
the same approach as in Proposition 14.21 

Similarly to Proposition 14.21 we deduce that the sequence {u n ; n e N} 
is bounded in 

L q (VL\ L°°(0, T; W m,p (T N ))) 

and therefore (|4.9p holds true. Existence of a continuous modification follows 
again from [5J Corollary 3.5]. □ 



Proof of Theorem 12.11 If m = 1 the proof is an immediate consequence of 
Propositions 14.11 and 14.21 The case m > 2 follows from Propositions 14.11 14.21 
andPOl □ 



Proof of Corollary 12.21 Let m = k+1. According to Theorem 12 . 1 1 there exists 
a solution of (|1.1|) which belongs to 

L<(n;C([0,T\;W m *(T N ))), \/p G [2,oo). 

If p > N, then according to the Sobolev embedding theorem, the space 
W m ' p (T N ) is continuously embedded in C k ' X (T N ) for A e (0,1-N/p). Hence 
the assertion follows. □ 
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